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Abstract
In this talk I report on some work done in collaboration with Jochen Bartels and Mark Wu¨sthoff
on forward-jet inclusive production in DIS in the small-xbj limit. We work in the HERA lab frame
and examine the jet production rate and the lepton-jet azimuthal-angle correlation at small values
of xbj .
Re´sume´
The BFKL theory [1] describes the dynamics of a
short-distance strong-interaction process in the limit of
high squared parton c.m. energy sˆ and fixed momentum
transfer tˆ, by computing the scattering amplitude with
exchange of a color-singlet two-gluon ladder in the
crossed channel. At tˆ = 0 the amplitude is related via
the sˆ-channel unitarity to the total cross section with
exchange of a one-gluon ladder. The final-state gluons
obtained by cutting the ladder obey the multi-Regge
kinematics, i.e. they are strongly ordered in the rapidity
η and have comparable transverse momentum, of size
k⊥,
η1 ≫ ...≫ ηm; ki⊥ ≃ k⊥ . (1)
The exchange of a one-gluon cut ladder (figure 1) is
described by the function,
f(ka⊥, kb⊥, φ˜, η) =
1
(2pi)2
1
(k2a⊥k
2
b⊥)
1/2
(2)
×
∞∑
n=−∞
einφ˜
∫
∞
−∞
dν eω(ν,n)η eiν ln(k
2
a⊥/k
2
b⊥) ,
with ka⊥ and kb⊥ the transverse momenta of the
gluons coming in and going out of the ladder, φ˜
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Figure 1. The one-gluon cut ladder.
the azimuthal angle between them, η ≃ ln(sˆ/k2
⊥
) an
evolution parameter of the ladder required to be large,
and
ω(ν, n) = −2
αsNc
pi
Re
[
ψ
(
|n|+ 1
2
+ iν
)
− ψ(1)
]
,
(3)
with ψ the logarithmic derivative of the Γ function.
In fully inclusive DIS the parameter η is related
to the Biorken variable xbj , η = ln(1/xbj), thus
evidence of the BFKL dynamics is searched in the
small-xbj evolution of the F2 structure function [2]; in
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Figure 2. Forward-jet production in DIS.
inclusive two-jet production in hadron-hadron collisions
η is the rapidity difference between the tagging jets,
η = ηj1 − ηj2 , [3, 4], and accordingly evidence of the
BFKL dynamics is searched in two-jet events at large
rapidity intervals [5]. A process which encompasses
features of both the processes outlined above is forward-
jet production in DIS (figure 2) [6, 7]. In this case
η is related to xbj and to the momentum fraction x
of the parton initiating the hard scattering through
η = ln(x/xbj). Producing the jet forward, i.e. with a
small scattering angle with respect to the proton beam,
ensures that x is not small; η is then made large by
selecting events at small xbj .
The function f (2) induces a strong enhancement
in the total parton cross section when η grows [1]. In a
hadron collider η = ηj1−ηj2 ≃ ln(x1x2s/k
2
⊥
), with s the
squared hadron c.m. energy. Thus there are two options
for increasing η: performing a ramping run experiment,
where one fixes x1 and x2 and increases s; increasing
x1 and x2 in a fixed-energy collider, like the Tevatron.
The latter is feasible, but introduces a damping in the
cross section, due to the falling parton luminosity [4],
the former is desirable because by fixing the x’s one
fixes as much as possible the parton densities and looks
mainly at the parton dynamics of the function f [3], but
it requires a variable-energy collider. A fixed-energy
ep collider is nonetheless a variable-energy collider in
the photon-proton frame [6, 7], thus it is possible to
increase η = ln(x/xbj) by decreasing xbj while keeping
fixed x = (k⊥e
ηj/2P ), with ηj the jet rapidity and P
the proton energy.
In DIS the gluon-electron cross section with
exchange of a gluon ladder (figure 2) is given in the
BFKL approximation of eq.(2) by,
dσˆ
dydQ2dk2
⊥
dφ
=
Nc
pi2
∑
q
e2qα
2α2s
1
(Q2)2k2
⊥
y
(4)
×
∫
dv2
⊥
v2
⊥
f(v2⊥, k
2
⊥, φ˜, η)F(v
2
⊥, Q
2, φˆ, y) ,
with y the electron-energy loss; Q2 and q⊥ the photon
virtuality and transverse momentum, with q2
⊥
= (1 −
y)Q2; k⊥ and v⊥ respectively the transverse momenta
of the forward jet and of the gluon attaching to the
quark box; eq the charge in the quark box; φˆ the
azimuthal angle between the photon and the gluon; φ
the azimuthal angle between the outgoing electron and
the jet, with φ = φˆ + φ˜ + pi; F(v2
⊥
, Q2, φˆ, y) the impact
factor describing the quark box in the high-energy limit;
and with the sum over the final-state quark flavors.
The cross section for the inclusive forward-jet
production is then given by convoluting the parton cross
section (4) with the parton density. Using the explicit
form of the impact factor F for final-state light quarks
in the HERA lab frame [8], the production rate is:
dσ
dydQ2dxdk2
⊥
dφ
=
feff (x, µ)
Nc
8pi
∑
q
e2qα
2α2s
1
(Q2k2
⊥
)3/2y
×
∫ ∞
0
dν cos
(
ν ln
Q2
k2
⊥
)
sinh(piν)
cosh2(piν)
1
ν(1 + ν2)
(5)
×
(
eω(ν,0)η
[(
3ν2 +
11
4
)
(1 − y) +
(
ν2 +
9
4
)
y2
2
]
− eω(ν,2)η cos(2φ)
(
ν2 +
1
4
)
(1− y)
)
,
where the integral over v⊥ (cf. eq.(4)) has been
performed, and where it has been used the effective
parton density [9]
feff (x, µ) = G(x, µ) +
4
9
∑
f
[
Qf(x, µ) + Q¯f(x, µ)
]
,
(6)
with the sum over the quark flavors of the incoming
parton. Note that in eq.(5) the dependence on φ is
induced by the impact factor F , and smeared by the
gluon ladder; conversely, in the photon-proton frame the
impact factor F does not have any dependence on φˆ in
the high-energy limit [7], accordingly in that frame the
production rate (5) has no dependence on φ.
However, when we integrate out or average on φ, the
φ-dependent term drops out. Then eq.(5) reduces to the
production rate in the photon-proton frame [7]. This is
because y and Q2 are Lorentz invariants, and x and k⊥
are invariant under boosts between the lab frame and
the photon-proton frame in the high-energy limit.
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By comparing the relationship between the usual
DIS cross section and the structure functions F1(2),
dσ
dydQ2
=
4piα2
yQ4
[
(1 − y)F2(xbj , Q
2) + xbjy
2F1(xbj , Q
2)
]
,
(7)
and eq.(5), with the jet kinematic variables integrated
out, we can compute the contribution of the forward-jet
production to the structure functions F1(2). We perform
then a saddle-point evaluation of the integral over ν, and
compute the ratio,
RDIS(xbj , Q
2) =
σL(γ
∗P )
σT (γ∗P )
=
1
2xbj
F2(xbj , Q
2)
F1(xbj , Q2)
− 1 ,
(8)
which gives the violations to the Callan-Gross relation,
and which for the forward-jet contribution to the struc-
ture functions F1(2) turns out to be R
DIS(xbj , Q
2) =
2/9.
In performing a numerical evaluation of the
production rate (5) we scale αs = αs(k
2
⊥
) from
αs(m
2
Z) = 0.12 using the one-loop evolution with five
flavors, fix the factorization scale µ at µ = k⊥, and
use the lowest-order evolved CTEQ parton densities
[10]. We define then the rapidity as positive in the
proton direction, and take the acceptance cuts used
by the H1 Collaboration [11]; namely for the electron
−2.79 ≤ ηe ≤ −1.59 and 0.05 ≤ y ≤ 0.55, from which
we obtain Q2 ≥ 4.84GeV2; for the jet 1.74 ≤ ηj ≤ 2.95
and k⊥ ≥ 5GeV, from which we obtain x ≥ 0.017; in
order then to keep the transverse momenta balanced as
required by the multi-Regge kinematics (1), we select
events with 0.5 ≤ (k2
⊥
/Q2) ≤ 4. In figure 3 we integrate
the production rate (5) over the acceptance cuts, we
span xbj over the range 2 · 10
−4 ≤ xbj ≤ 2 · 10
−3,
and normalize the cross section to the largest-xbj bin, in
order to minimize the normalization errors of the BFKL
approximation. The solid curve is the jet production
rate (5) with η = ln(x/xbj), the dashed curve is the
production rate in the Born approximation to the BFKL
ladder, which is obtained by taking the limit αsη → 0
in eq.(5). Note that we span a range of η that goes
from η >∼ 4.5 for the smallest-xbj bin to η >∼ 2.2 for the
largest-xbj bin, and we expect the BFKL approximation
to do better in the smallest-xbj bin.
A few comments are here in order: in the Born
approximation to the BFKL ladder, the gluon-electron
scattering of figure 2 reduces to a tree-level diagram with
three final-state partons, since the ladder just reduces
to the gluon propagator. The corresponding forward-jet
cross section is infrared finite in the high-energy limit.
In fixed-order perturbation theory the jet cross section
based on the diagram of figure 2 without the ladder
has a collinear divergence, which is canceled only after
adding the 1-loop diagram with two final-state partons.
However in the high-energy limit the diagram with two
Figure 3. Forward-jet production rate, normalized to the
largest-xbj bin, with the BFKL ladder (solid curve), and with
the Born approximation to the BFKL ladder (dashed curve).
The acceptance cuts for the electron and jet kinematic variables
are given in the text.
final-state partons can not have a gluon exchange in
the crossed channel, thus it does not yield a leading
contribution. Accordingly also the infrared-divergent
part of the diagram of figure 2 is suppressed.
Next, we consider the azimuthal-angle φ correlation
between the electron and the forward jet. In two-jet
production at large rapidity intervals, the φ correlation
between the tagging jets has been predicted to decrease
as the rapidity difference, ∆η, between the tagging
jets increases [4]. This phenomenon has been observed
by the D0 Collaboration at the Tevatron Collider [5],
even though at this moment it is not clear whether the
decorrelation is due to the evolution in the BFKL ladder,
or to the usual DGLAP evolution. In jet production
in DIS we know that at the parton-model level, i.e.
at x = xbj , the jet and the electron are produced
back-to-back, and we expect that when x > xbj , but
with η = ln(x/xbj) still small, the jet production is
dominated at the parton level by the photon-gluon
fusion diagram, which has two final-state partons and
is expected to yield the usual correlation at φ = pi
between the electron and the one of the two partons
tagged as the jet. However as η grows the jet production
is increasingly dominated by diagrams with three-final
state partons and with gluon exchange in the crossed
channel, and eventually by the higher-order corrections
to them induced by the BFKL ladder (figure 2).
Thus we plot in figure 4 the azimuthal-angle
distribution, N(φ), as a function of φ, with 0 ≤ φ ≤
pi, normalized in such a way that
∫
∞
0
dφN(φ) = 1.
There four curves are shown: the solid and dotted
curves are the distributions computed from eq.(5) with
η = ln(x/xbj) for the bins 2 · 10
−4 ≤ xbj ≤ 10
−3 and
3
Figure 4. Azimuthal-angle distribution, normalized to the
unity. The solid and dotted curves are the distributions for the
forward-jet production with the BFKL ladder, respectively for
the bins 2 · 10−4 ≤ xbj ≤ 10
−3 and 10−3 ≤ xbj ≤ 2 · 10
−3; the
dot-dashed and the dashed curves are the distributions with the
Born approximation to the BFKL ladder, respectively for the
bins 2 · 10−4 ≤ xbj ≤ 10
−3 and 10−3 ≤ xbj ≤ 2 · 10
−3. The
acceptance cuts for the electron and jet kinematic variables are
the same as in figure 3.
10−3 ≤ xbj ≤ 2 · 10
−3 respectively; the dot-dashed
and the dashed curves are the distributions with the
Born approximation to the BFKL ladder for the bins
2 · 10−4 ≤ xbj ≤ 10
−3 and 10−3 ≤ xbj ≤ 2 · 10
−3
respectively.
The distributions N(φ) are basically independent of
xbj ; in addition, we note from eq.(5) and the plot that
they are periodic in pi and peaked at φ = pi/2. The
correlation at φ = pi/2 is due to the impact factor F ,
although we have not been able to track its origin, since
in eq. (4) and (5) we have already integrated over the
kinematic variables of the final-state quarks in the quark
box. This correlation is noticeable for the curves with
the Born approximation to the BFKL ladder, and is
basically absent for the ones with the BFKL ladder.
The Born approximation to the BFKL ladder has a
limited range of validity, since at small η’s the lower-
order photon-gluon fusion diagrams, which are absent
in our analysis, are expected to dominate. Conversely,
at large η’s the higher-order corrections modeled by the
BFKL ladder, which decorrelate the lepton and the jet,
should become important. Therefore we may envisage
a three-fold scenario for the distribution N(φ):
(i) at small η’s, the lepton and the jet are back-to-back,
i.e. there is a correlation at φ = pi, yielded by the
jet production rate at O(α2αs), i.e. by the photon-
gluon fusion diagrams at the parton level;
(ii) at intermediate η’s, we have the correlation at φ =
pi/2 (figure 4), yielded by the jet production rate
at O(α2α2s), i.e. by the Born approximation to the
BFKL ladder in figure 2;
(iii) at large η’s, the BFKL ladder decorrelates the
lepton and the jet (figure 4).
For the acceptance cuts of figures 3 and 4 the range of
η is 2.2 ≤ η ≤ 4.5. We cannot, though, unambiguosly
compare this range to the scenario above because we
have no control on the theoretical error in our analysis.
Thus it would be desirable to compare our analysis to
a complete calculation at O(α2α2s), on the theoretical
side, and of course to data.
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